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ABSTRACT. We consider an inverse problem of determining the coefficients of
a fractional p-Laplace equation in the exterior domain. Assuming suitable
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1. INTRODUCTION

0 OO W N~

In this article, we study an inverse problem for a fractional p-Laplace equation.
To formulate the problem, let us consider a partial differential equation (PDE) of
the form

(1.1)

Div, (o|dsulP~?dsu) = 0,

where 1 < p < 00, 0 = o(z,y): R" x R" — R satisfies the uniform ellipticity
condition

(1.2)

A< o(x,y) <A forall 2,y € R™,
1
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and for some constant A > 0. Later we call this operator appearing in (1.1) weighted
fractional p -Laplacian. Here, dsu denotes the fractional s-gradient and Divy is its
adjoint, which is the fractional s-divergence, with respect to the measure

_dwdy
jz —y|"
More concretely, for any function u: R® — R and s € (0,1), the fractional s-
gradient and s-divergence could be defined by
- ds )
dou(z,y) = M and  (Divau, ) = / M drdy.
|z =yl ren |2yl

respectively, for z,y € R™ and for all p € C(R™) (see for example [MS18] and
Section 2 for detailed definitions). The weighted fractional p-Laplacian is weakly
defined by

(Div(o|dsulP~2dsu), o)
= [ otoite) - ) =)
]‘R2n

o =yl

du = on R"™ x R™.

for any ¢ € C°(R"™).

Next, we are going to formulate an inverse problem related to (1.1). The ob-
servations of our inverse problem are encoded in the Dirichlet-to-Neumann (DN)
map, which is formally defined by

A, (f) = Div, (U|d5u|p_2dsu)’Q
where 2, := R™\  denotes the exterior domain and wuy is the unique solution of

{Divs(a|dsu|p_2dsu) -0 inQ,

(1) u=f in Q..

Here we have assumed the well-posedness of (1.1) at the moment (the proof will
be given in Section 3) and that the weighted fractional p-Laplacian of u induces at
least a distribution on €2.. Then we ask the following question:

Question 1. Let W C Q. be a given nonempty open set and assume that the
coefficients 01,09 satisfy Ay, fly = Aoy fly, for all f € CE(W). IfE;: R* = R
is given by ¥;(x) = o;(x,x) for j =1,2, can we conclude 1 = 3g in W7

In the special case of coefficients of the form o (x,y) = v*/?(x)y/?(y) this gener-
alizes recent results for the fractlonal conductivity equatlon (i.e. p=2) by the last
author (see [RZ22b, 2a, CRZ2 ¢, CRTZ22] for the elliptic and [LRZ22]
for the parabolic case).

As s = 1, the related inverse problem to the equation

(1.4) div (v|VuP?Vu) =0

is the so called (classical) p -Calderdn problem, where v: R™ — R is a positive scalar
function', and we next discuss about it.

1.1. The p-Calderén problem. In the p-Calderén problem the DN map is strongly
given by

Fro AL = 3| VugP20uug| 5
where uy is the unique solution to

{div (y|VulP2Vu) =0 inQ,

(15) u=f on 0N).

n this paper, we use the notation v = y(x) : R* — R and 0 = o(x,y) : R2" — R.
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Now the inverse problem is to ask whether one can determine the coefficient ~y
uniquely from the knowledge of the (nonlinear) DN map AZ? Note that in the
special case p = 2 this reduces to the classical Calderén problem (see [Cal06, KV&4,
Su8T)).

Moreover, if v = 1, the partial differential operator in (1.5) becomes the p-
Laplacian A,u = div(|Vu|P~2Vu), which appears in the study of nonlinear di-
electrics [GK03, TW94a, TW94b, LK98], plastic moulding [Aro96], nonlinear fluids
[ARO6, AJ92, GRO3, 1di08] and others. In [SZ12] the authors proved by using
p-harmonic functions (i.e. functions solving (1.4)) introduced by Wolff [Wol07]
that the nonlinear DN map A? determines uniquely v on the boundary. Later,
Brander showed in [Bral6] that the DN map also determines the normal deriva-
tive 0,7y on 0f2. These results can be seen as a zeroth and first order analogue of
the boundary determination result of Kohn and Vogelius [[KV84] for the Calderén
problem. Since not all coefficients of the Taylor series around a boundary point,
as in the classical Calderén problem, are known from the DN map AL, it can-
not be used to determine real-analytic coefficients in the interior of 2. Meanwhile,
the authors [BHKS18, GKS16, BKS15, KW21, BIK18] studied inverse problems for
(weighted) p-Laplace equations by utilizing monotonicity methods. Recently, in the
work [CE24], the authors recover the leading coeflicient for the weighted p-Laplace
equation in the plane, without assuming additional conditions for the leading co-
efficient, and they also showed another uniqueness result in the dimension 3 and
higher with some suitable assumptions.

1.2. Nonlocal inverse problems. In recent years, many different Calderén type
inverse problems for nonlocal operators have been studied. The prototypical ex-
ample is the inverse problem for the fractional Schrédinger operator (—A)® + ¢
with ¢ € L*(f2), which was first considered in [GSU20] and initiated many of
the later developments. The main ingredients in solving this Calderén problem
are an Alessandrini identity, the UCP (unique continuation property) and the
closely related Runge approximation. It is worth noticing that the UCP and the
approximation are much stronger in the nonlocal case than in the local ones, which
is mainly possible, because solutions to (—A)® + ¢ are much less rigid than the
ones to the local Schréodinger equation —A + ¢. By using a similar approach,
one can solve a variety of inverse problems for nonlocal operators whose corre-
sponding local counterpart is still open. For further details we refer to the works
[BGU21, CMR21, CMRU22, GLX17, CL19, CLL19, CRZ22, CLR20, FGKU21,
HL19, HL20, GRSU20, GU21, Gho22, Lin22, Lin23, LL22a, LL22b, LLR20, LLU22,
KLW22, RS20, RS18, RZ22a, RZ22¢, RZ22b]. We point out that most of these
works consider nonlocal inverse problems in which one recovers lower order coef-
ficients instead of principal order like in the classical Calderén problem. On the
other hand, in the articles [GU21, LLU22, RZ22¢, RZ22b, RZ22a] the authors study
nonlocal inverse problems where one is interested in determining leading order co-
efficients and hence they can be seen as full nonlocal analogues of the classical
Calder6n problem.

Let us mention that in all the previous inverse problems the leading order op-
erator of the underlying nonlocal PDEs is linear. A first step into the direction
of considering nonlinear nonlocal leading order operators was taken in the work
[KRZ22] by the first and the last author. A crucial advantage of the operators L
studied in this work is that they have the UCP, that is, if u: R® — R is a suffi-
ciently regular function and Lu = v = 0 in an open set V C R”, then u = 0 in R™.
But in contrast the UCP for the operators in (1.4) is only known to hold in n = 2
dimensions but for n > 3 it is a difficult open problem. Similarly, it is not known
whether the operators in (1.1) have the UCP.
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1.3. Main results. The main theorem of this article is the following exterior re-
construction result on the diagonal extending [CRZ22, Proposition 1.5].

Theorem 1.1 (Exterior reconstruction on the diagonal). Let @ C R™ be a bounded
open set, W C Q. a nonempty open set, 0 < s <1, 1 <p<ooandzg e W € Q..
Then there exists a sequence (PN ) ey C O (W) such that
(i) for all N € N it holds [@N]WSYP(R”) =1,

(it) for all 0 <t <'s there holds || ®n|[yepgny — 0 as N — 00

(11i) and supp (Pn) — {zo} as N — co.
Moreover, if o: R™ x R™ — R satisfies uniformly elliptic condition (1.2) such that
(o(x,): W — R)gern is equicontinuous at o and o(-,x0) € C(W), then there
holds

(1.6) o(xo,z0) = lim (A, PN, PnN).
N—o00

As an immediate consequence of the formula (1.6), we obtain the following results
on exterior determination, exterior stability and global uniqueness for real-analytic
coeflicients.

Proposition 1.2 (Exterior determination on the diagonal). Let @ C R™ be a
bounded open set, W C . be a nonempty open set, 0 < s <1 and 1 < p < 0.
Assume that oj: R™ x R™ — R satisfies the conditions of Theorem 1.1 for j =1,2
and set ¥j(x) := oj(x,x) forx € R", j =1,2. Suppose Ay, fly, = Aoy fly» for all
f e Cx (W), then there holds %1 (z) = Xo(x) for allz € W.

Proposition 1.3 (Exterior stability on the diagonal). Let 2 C R™ be a bounded
open set, W C Q. a nonempty open set, 0 < s < 1 and 1 < p < oo. Assume
that oj: R™ x R" — R satisfies the conditions of Theorem 1.1 for j = 1,2 and set
Yi(z) =0j(z,z) forx € R", j =1,2. Then we have

Hzl - Z2||L°0(W) < ||A0'1 - A02|‘Ws,p(w)_>(Ws,p(W))* .

Proposition 1.4 (Global uniqueness on the diagonal). Let  C R™ be a bounded
open set, W C Q. a nonempty open set, 0 < s < 1 and 1 < p < oo. Assume
that oj: R™ x R" — R satisfies the conditions of Theorem 1.1 for j = 1,2 and set
Yj(x) = oj(x,x) forx € R, j = 1,2. If Ay, flyy = Aoy flyy for all f e CE(W),
and X; are real-analytic for j = 1,2 then 31 = 3o in R”.

Observe that Proposition 1.4 implies several global uniqueness results when one
assumes that the coefficients have a product structure. For example, if for j = 1,2
the coefficients o;(z,y) can be written as o;(z,y) = F(v;(x))F(v;(y)) for some real
analytic functions v;: R” — R, F': R, — R, satisfying

(1) ~y; is uniformly elliptic for j =1, 2,
(ii) F is injective
(ii) and for any compact interval [a,b] C Ry there exists ¢ > 0 such that
F(§) > cfor all € € [a,b].
Then Ao, flyy = Ao, fly for all f € C°(W) implies 71 = 72 in R™. As a special
case one could take F(t) = v/t and recovers the global uniqueness result in [CRZ22
Theorem 1.3] for real-analytic conductivities.

1.4. Organization of the article. We first recall preliminaries related to the
function spaces and nonlocal operators used throughout this work in Section 2.
Afterwards in Section 3 we establish well-posedness of the exterior value problem for
(1.1) and introduce the related DN map. The proof of the main result, Theorem 1.1,
are divided into several steps for better readability and given in Section 4. The
proofs of Proposition 1.2, 1.3 and 1.4 are given in Section 5.
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2. PRELIMINARIES

Throughout this article 0 C R™ is always a bounded open set, where n > 1 is
a fixed positive integer, and 0 < s < 1. In this section, we recall the fundamen-
tal properties of the classical fractional Sobolev spaces W*P(R™) and their local
analogues as well as introduce the nonlocal operators which will be used later on.

2.1. Function spaces. By L°(Q2) we label the space of (Lebesgue) measurable
functions on ). The classical Sobolev spaces of order £ € N and integrability
exponent 1 < p < oo are denoted by W*P?(Q) and for k = 0 we use the convention
WOoP(Q) = LP(Q). Moreover, we let W*P() stand for the fractional Sobolev
spaces, when s € (0,1) and 1 < p < oo. These spaces are also called Slobodeckij
spaces or Gagliardo spaces. If 1 < p < oo and s € (0, 1), then they are defined by

WP(Q) := {u € LP(Q); [ulwsn) <0},

lu(z) — u(y)” e
sp(Q) 1= ————dxd
[U}W () </Q 9 |l’ _ y|n+sl) ray

is the so-called Gagliardo seminorm. The fractional Sobolev spaces are naturally
endowed with the norm

where

1/p
lllwrcoy = (el + illyeniey) -

The space of test functions we are going to use later in the definition of weak
solutions to our PDEs is:

W*P(Q) := closure of C2°(€2) with respect to || - llws.pmn)-

Similarly, as the classical Sobolev spaces, the spaces W*#P(R™) are separable for
1 < p < oo and reflexive for 1 < p < oo (see [BH22, Section 7]). Since W*P(Q)
is a closed subspace of W*P(R"™) it has the same properties. We remark that it is

known that W*P(Q) coincides with the set of all functions u € W#P(R™) such that
u = 0 almost everywhere (a.e.) in Q¢, when 992 € C°, and with

WP (Q) = closure of C2°(2) with respect to || - || (q)s

whenever € R™ has a Lipschitz boundary (see [KKLL22, Section 2]).

On these spaces WP (€2), the following Poincaré inequality holds:

Proposition 2.1 (Poincaré inequality, [KLL22, Theorem 2.8]). Let € R™, 0 <
s<1landl < p < oo, then there exists a constant C = C(n,s,p, diam(2)) > 0
such that

(2.1) ||“||I£p(]Rn) < C[U]Ié{/s,p(Rn)
for all u € W*P(€).

Remark 2.2. In the above theorem and from now on, we write V.€ W for two
open subsets V,W C R™, if V' is compactly contained in W. By the proof of [KLL22,
Theorem 2.8] it follows that the optimal constant C,. > 0 in (2.1) satisfies C, <
C1(diam(Q))*? for some C; = Ci(n,s,p) > 0. Moreover, we used here that by
[KLL22, Theorem 2.8] the estimate (2.1) holds for all functions u € C(Q), but
then the definition of the spaces W“’(Q) implies that by approximation it holds for
all functions in this space.
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2.2. Nonlocal operators. Next we introduce the fractional s-gradient dg, the
fractional s-divergence Divy, the fractional p-Laplacian (—A); and the weighted
fractional p-Laplacians, which are the main object of study in this article.

For this purpose, let us denote by LO(/\id R™) the space of measurable off di-
agonal vector fields, that is, the set of all functions F': R™ x R™ — R which are
measurable with respect to the measure dyu := ‘;llel’n on R™ x R™. We next give
rigorous definitions of s-gradient and s-divergence.

Definition 2.3 (s-gradient). For any 0 < s < 1, the s-gradient ds is defined by
dy: LO(R™) — LO(A\L,R™) such that
u(z) — u(y)

|z —y|®

Moreover, one can immediately observe that it satisfies the product rule
(2.2) ds(p)(2,y) = @(z)dsy(z, y) + Y (y)dsp(z,y),
for a.e. z,y € R™ and ¢,1: R™ — R. Moreover, we call the dual operation to the
s-gradient dgs the s-divergence Divg.

dsu(z,y) =

Definition 2.4 (s-divergence). For any 0 < s < 1, the s-divergence is the un-
bounded operator Div, : LY (/\id R") — LO°(R™) given by

(Div, F, ) :/ Fa,y)dse(r,y)
s 4y R2n |.’IJ _ y|n

With these definitions at our disposal, we have a canonical relation to the frac-
tional Laplacian. In fact, there holds Divgods = (—A)® in the sense that

/ dop(,9) dstb(@y) o0 / (A () (x) de,
R2n R

|z =y
for all sufficiently regular functions @, 1: R™ — R, where (—A)® denotes the frac-
tional Laplacian of order s € (0,1) (up to a normalization constant). On the other
hand, by the above definitions the operator Div,(|dsu|P~2dsu) is weakly given by

<Divs(|dsu|p_2d5u)7gp>

::/ () — u(y)p-2 B =)@ = eW) 0
R2n @ —y|rtep
for all ¢ € C(R™).

Hence, up to normalization, this is precisely the weak formulation of the frac-
tional p-Laplacian. Furthermore, if the function u is sufficiently smooth then the
fractional p-Laplacian can be calculated in a pointwise sense by

() ~ uly)

dxdy, for all ¢ € CZ°(R™).

(~A)u(a) = CPV. | Jule) —u@)l =5y
for some constant C' = C(n,s,p) > 0 (see [dTGCV21]), where P.V. denotes the
Cauchy principal value. For example one can take u € C2°(R™) with the additional
condition Vu # 0 when p € (1, 235)' The choice of the constant only becomes
important when one wants to prove the following limiting behavior

(=A)ju = (=A)*u inR™aspl 2,
(=A)ju = (=A)yu  inR™ass?t1

(see [dTGCV21, Section 5]). Additionally, in the recent article [BPS16] (see also
[DNPV12] or [BBMO1]) the authors showed that if @ € R" is a bounded Lipschitz
domain then there holds

19111*111(1 — S)[u];gvs,p(Rn) = O(nﬂp)”vunip(ﬂy
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for some positive constant C(n,p) and all u € W, P(2). This observation is then
used to show that for fixed m € N and 1 < p < oo the Dirichlet eigenvalues
(Amp(2))se(o,1) of the fractional p-Laplacian (after a suitable renormalization)
converge to a multiple of the Dirichlet eigenvalue )\}n,p(Q) of the p-Laplacian as s T 1
and any sequence of normalized eigenfunctions (4, p)se0,1) (up to a subsequence)
converge to a normalized eigenfunction u}, m,p Of the p-Laplacian as s 1 1.

In this work, we do not pursue the limit behaviour for either s 1 1 or p — 2,
but we will focus on the exterior determination results for the fractional p-Laplace
equation (1.3).

Furthermore, let us point out that there is also a Caffarelli-Silvestre extension
type result for the fractional p-Laplacian, when one replaces the weight =25 by
Yyt ( / ]). Since in this result the function w is required to
be C? regular, the authors do not see an immediate way to generalize to proof of the
UCP for the fractional Laplacian in [GSU20] (see also [K )]) to the fractional
p-Laplacian. Finally, note that if the fractional p-Laplacian would have the UCP,
then similar methods as in [KRZ22] (see also [GKS16]) could be invoked to prove
global uniqueness of the coefficients.

Conventions. Throughout this article, we denote by B,.(z¢), @,(z¢) for r > 0,
o € R™ the open ball of radius r with center xy and the open cube of side length 2r
with center zg. Moreover, if g = 0, we simply write B, = B,.(0) and @, = Q.(0).

3. THE FORWARD PROBLEM AND DN MAP

In this section we first state an auxilliary lemma which will be of constant use
in this work and then establish the well-posedness of the Dirichelt problem related
to the fractional p-Laplace equations (1.1). Finally, we introduce the DN map and
show that it induces a continuous map from the trace space to its dual.

3.1. Auxiliary lemma.

Lemma 3.1 (cf. [Sim78, eq. (2.2)], [GM75, Lemma 5.1-5.2] and [SZ12, Appen-
dix A]). Letn € N, 1 < p < 00, then there exists a constant ¢, > 0 such that for

all x,y € R™, there holds

(3.1) (lz[P~2z = [yP~2y) - (& — y) = eyl —yl?
if p>2 and

2
3.9 P2 — [y 2y) - (z —y ch
if 1 < p < 2. Moreover, for all 1 < p < oo, we have
(3.3) |[€1P72€ — [n|P~2n] < Cp(l€] + Inh)P~2I€ - n]

for all &,m € R™ and some constant C), > 0.

3.2. Well-posedness. Next we prove well-posedness of the forward problem. In
this work, we use the following notion of weak solutions:

Definition 3.2 (Weak solutions). Let 1 < p <00, 0 < s <1, CR" be a bounded
open set, and assume that o: R" xR™ — R satisfies the uniform ellipticity condition
(1.2). For any f € W*P(R"), we say that w € W*P(R™) is a weak solution to

{Divs (U|dsu|p_2dsu) =0 mnQ,

(34) u=f mn Qe,

if u is a distributional solution and v — f € W‘s’p(ﬂ).
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Remark 3.3. Observe that if u is a distributional solution of (3.4), then there holds

‘/R2n 0(x,y)|u(m) o u(y)|p72 ('LL((E) _ U(y))(SO(x) — cp(y)) dxdy =0

o — gl

for all ¢ € W“’(Q).

Theorem 3.4 (Well-posedness). Let 1 <p < o0, 0 < s <1, Q CR"™ be a bounded
open set, and assume that o: R" xR™ — R satisfies the uniform ellipticity condition
(1.2). Then for any f € WSP(R™), there is a unique solution u € W*P(R™) of (3.4).
In fact, it can be characterized as the unique minimizer of the fractional p -Dirichlet
energy

dxd,
Bopol) = [ ool 220
R2n |z —y["

over the class of all v € WP(R™) with prescribed exterior data v = f in Q..
Moreover, the unique solution satisfies the following estimate

(3.5) [U]Ws,p(Rn) S C[f]Ws,p(Rn)
for some C > 0 depending only on A and p.

Remark 3.5. Let us observe that we can construct the solution u as the unique
minimizer of the functional F, p, » by the fact that our exterior condition f is such

fhat |f(z) — f(y)]
f(x) = fy)lP

o(x,y)————dxdy < 0.
/Qcmc (#:9) |z — y|"Tsp

If the exterior condition would be less regular one should only integrate over R?™ \
(Q° x Q°) and impose the exterior value in the sense that w = f a.e. in °
(cf. [RO16, Section 3]).

Before giving the proof of this well-posedness result, let us make the following
elementary observation. The linear map 7': W*P(R") — LP(R™) x LP(R?") given

by
w s (u |u(z) — U(y)l) 7

"z —y[n/ets
where the target space is endowed with the usual product norm, is an isometry.
Thus, by arguing as in [Brell, Proposition 8.1], one sees that WP (R™) is separable
in the range 1 < p < oo and reflexive when 1 < p < co. Now since W*P(1) is a
closed linear subspace of W#P(R™) it follows that it has the same properties on the
respective ranges.

Proof of Theorem 3.4. We proceed similarly as in [KRZ22, Theorem 5.8]. First we

define the convex set

WiP(Q) = {ue W (RY) s u—f e W(Q) } c WHI(R"),

and observe that it is weakly closed in the reflexive Banach space W*P(R™). To see
this, assume that (ug),cy C W;p(ﬁ) converges weakly to some u € W*P(R") as
k — oo. This implies that the sequence (up — f),cn C W“’(Q) converges weakly
tou— f € WsP(R").

Next, since weak limits are contained in the weak closure, the weak closure of
convex sets coincide with the strong closure and Wep (2) is by definition a closed
subspace of W*P(R"), we obtain that u — f € W*P(2). Hence, W)fp(ﬂ) is weakly
closed in W*P(R™). Next note that there holds

|a £ b7 > 2'7P|al” — [bf?
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for all a,b € R. Hence, the uniform elliptic condition (1.2) of o and the Poincaré
inequality (Proposition 2.1) yield that

Bapo ()] 2 A (277 [0 = [P n) = e
A
> 2 (1w = Sy + Cllu = FIBuany ) = M
> CHU - f‘l%/@p(Rn) - A[f]?/[/s,p(Rn)

> Clullywe ) — ell £y,

for all u € W; P(Q2) and some constants C, ¢ > 0 only depending on A and p.

Therefore, the functional E; , , is coercive on W; ?(Q), in the sense that
|Es p,o(u)] = 0o, when |lu||yys.pmny — 00,

foru € W; P(Q2). We also observe that by the assumptions on o(z,y), the functional
E, o is convex and continuous on the closed, convex set W; P(Q) c WEP(R™). Tt

is known that this implies that E , , is weakly lower semi-continuous on W;’p Q)
(for example, see [BP12, Proposition 2.10]). Hence, using [Str08, Theorem 1.2] we
see that there exists a minimizer u € W;p(Q) of Es o

To proceed, let us show that the minimizer v € W*P(R") solves (3.4) in the
sense of distributions. Let ¢ € C2°(Q) then there holds u. := u +ep € W“’(Q)
for any € € R. Moreover, by Holder’s inequality and the dominated convergence
theorem, one can see that E,, is a C'—functional. Hence, the fact that u is a
minimizer implies that there holds

d

0= —
de

E&P,U(Us)
e=0

= [ olwalue) —u)l

(u(z) — u(y))((z) = ¢(y))

o =yl

dxdy,

and the claim follows. It remains to prove that the minimizer u is unique. Let us
first show the assertion for the range 2 < p < oo and then for 1 < p < 2.

(i) First suppose that 2 < p < co. Let u,v € W*P(R") and set
Og yw 1= w(z) —w(y),

for any function w: R® — R. Using the estimate (3.1) of Lemma 3.1, we
have the following strong monotonicity property

dxdy

/R2" g (|5w7y“‘p_25w7yu - |5w,yv‘p_25w7yv) (02,4t — 0z yv) |z — y|rtep

_ P
2/\%/ Mdmdy
R2n

(3.6) |z — y|ntep
e |(u(z) = uly)) = (@) —v)I”
. o — g o

=Acplu — v}’gvs,p(Rn).

Now, if u,v € W*P(R") are solutions to (3.4) then u—v € W”’(Q). Hence
the left hand side vanishes and by the Poincaré inequality (Theorem 2.1)
we can lower bound the right hand side by some positive multiple of |Ju —
v||12p(w) but this gives u = v a.e. in R™.
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(ii) Next let 1 < p < 2. Using the same notation as before, we obtain by raising
the estimate (3.2) of Lemma 3.1 to the power p/2 the bound

/2l —bf" < [(Jal*~a — b17~20) - (a = b)]""* (la] + b)) 7%

for all a,b € R™. Now using Holder’s inequality with 2%1’ + £ =1 and the
uniform ellipticity of o, we deduce

2 pJ2
AP/ cg/ [u—v]%,swp(Rn)

_ p____I
S/RQH |§$,yu 6$,yv| |17 7 y|n+sp

S)\p/ch/Q ‘/RZH [(‘5w,yulp_25z,yu - |5g;,y?}|p_2(5z,y’l})((5w,yu — 61’yv)]p/2

dxdy
o=y

S)‘p/%g/z H(|5ﬂcyu| + |§$,y”|)(2_p)%

(80yul + 80,0 P72

2
L2=p (R™;|z—y|~(ntep))

(3.7) : H[(wm’yuv’-?(smyu

*|5ac7yv|p725%yv) (0z,yu — 5£,y”)]p/2‘

L2/p (R |a—y| = (ntep)
2—p
2

§c§/22p—1 ([u]gvswp(R”) + [v]’vjvs,p(Rn))

A [ R
RZn

2
p—2 dxdy v/
— [0 yv[P 77024y ) (0 yut — Oz yv)

o=y

Now, arguing as for the previous case p > 2, the right hand side vanishes
if u,v € W*P(R™) are solutions to (3.4) as u —v € W*P(Q) and the left
hand side can be lower bounded by a positive multiples of |ju — v||%, ®")

by using the Poincaré inequality again. Hence, we can conclude that u = v
a.e. in R".

To complete the proof, let us establish the estimate (3.5). By Remark 3.5, we
can test the equation (3.4) with any ¢ € Ws’p(Q) and in particular with v — f.
Using the uniform ellipticitiy (1.2), writing v = (u — f) + f and applying Young’s
inequality, we obtain

p |u(z) — uly)l”
Alulyen oy < /R% U(%y)m dxdy

< /R% o(z,y)|u(z) — u(y)‘p—z (u(z) — |7;(g);(|7:f;2) —u(y)) dudy
= [ apluta) ~ )~ (u(a) - Eg@; ﬂﬁ(if, W) 4oy

<! u(z) — u@)P~" [ f(z) — f)]

R2n |z —y[r+ep
S E[“]?}V&,P(Rn) + Ce)\ip[f]gvs,p(]}gny

ab<eaP+C.bP with 1/p+1/p' =1

dxdy
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for any € > 0, where C,. > 0 is a constant depending on €. In particular, by choosing
€ = /2, we obtain [u]ys.»wn) < C[flwsr@n) for some C > 0 depending only on A
and p. This proves the assertion. (|

Next we introduce the abstract trace space:

Definition 3.6. Let @ C R™ be an open set, 0 < s <1 and1 < p < co. Then
the abstract trace space X P () is given by X5P(Q) := W*P(R")/W*P(Q), and we
endow it with the quotient norm

[fllxer@) == inf |If — ullwergn).
wEW =2 (£2)

Remark 3.7. Let us point out:

(i) In the above definition and later on we simply write f for an element in
X*P(Q) instead of the more precise notation [f]. Note that since W“’(Q) is
a closed subspace of the Banach space W*P(R™), the abstract trace space is
again a separable, reflexive Banach space in the respective ranges 1 < p < oo
and 1 < p < 0.

(i) If @ C R™ has a bounded Lipschitz continuous boundary then any f €
W#P(Q,) with dist(supp f,0Q) > 0 corresponds to a unique equivalence
class in X*P(Q2) and the quotient norm is equivalent to the || - |lws»(q,)
norm. In fact, by [CRTZ22, Lemma 3.2] the zero extension f of f belongs to
WeP(R™) and satisfies || fllwe»@ny < C||fllwsr(a.)- Hence, we implicitly
identify below f with the equivalence class [f]. Moreover, by definition we
have ||f|| x=r) < [fllwer@n)y < Cllfllwer.). On the other hand, there
exists a sequence uy € WP(Q), k € N, such that ||f — k|| wep@ny —
[ fllxsw() as k — oco. Since dQ has measure zero, we know that wj, vanish
a.e. in Q. and thus there holds

£ llwenien) = I1f = wellwen e,y < [1F = wllyengn, = [Fllxen@
as k — oco. This shows that these two norms are equivalent.
We have the following uniqueness result:

Corollary 3.8. Let 1 < p <00, 0 < s <1, Q CR"” a bounded open set and
assume that o: R™ x R™ — R satisfies the uniform ellipticity condition (1.2). Let
u; € WSP(R™) be the unique solutions of (3.4) with exterior values f; € W*P(R™)

for j =1,2. If fi — fo € WP(Q), then uy = us.
Proof. By assumption we have

ur —uz = (uy — f1) — (uz — f2) + (f1 — fo) € WHP(Q).

Hence, arguing as in the proof of Theorem 3.4, the strong monotonicity properties
(3.6) for p > 2, and (3.7) for 1 < p < 2, respectively, show that u; = us. O

3.3. DN maps. With Theorem 3.4 at hand, we can introduce the DN map A,
to formulate the inverse problem. If f € W#P(R"™), then the DN map is formally
defined by

(3.8) Ao (f) = Div, (oldsug [P~ ?dsuy)] g,

where uy € W*P(R") is the unique solution of

(3.9) {Divs (J|dsu\p’2dsu) =0 inQ,

u=f in Q.,
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(cf. Theorem 3.4). As the solution uy is usually not regular enough to justify the
pointwise definition (3.8), we define it in general in the distributional sense by

(3.10) (Ao (f), g) ::/Q Aa(f)gdx::/ o |dsul?~2 dyu dyg 2%

b
R27 | yl"

where f,g € X*P(Q). We have:

Proposition 3.9 (DN maps). Let 1 <p < oo, 0<s <1, QCR"™ a bounded open
set and assume that o: R™ x R™ — R satisfies the uniform ellipticity condition
(1.2). Then the DN map A, introduced via (3.10) is a well-defined operator from
X*P(2) to (X*P(Q))* and satisfies the estimate

120 (D)l ey < CIEAR )

for all f € X*P(Q) and some C > 0. Here (X*P(Q))* denotes the dual space of
XP(Q).

Proof. First note that by Corollary 3.8 for any f € X®P(Q), there is a unique
solution uy € W*P(R™) of (3.9). Moreover, changing in the weak formulation of
the DN map (3.10), the function g € W*?(R") to g + ¢ with ¢ € W*P(€) does
not change the value of the DN map as by construction uy solves (3.9). Hence, the
DN map A, is well-defined. Finally, by the Holder’s inequality with % + % =1,
we have

(Ao (), 9] < Clldsull P zon foypny

< CHf”Ws P (R") HQHWS’P(]R")

|dsgll Lo @2n jz—y|-n)

for all f,g € W*P(R"™), for some constant C' > 0 independent of f and g. Hence,
taking the infimum over all representations of f,¢g € X*®P(Q) and dividing by
llgll x5 (), We obtain

180 (F)ll ey < IR -

This completes the proof. O

4. EXTERIOR RECONSTRUCTION

In this section, we establish the exterior reconstruction result, which is the main
theorem of this article.

Lemma 4.1 (Exterior conditions). Let Q C R™ be a bounded open set, 0 < s < 1,
1 <p< xandxzg € W C Q. for an open set W. There exists a sequence
(PN)yen C C(W) such that
(i) for all N € N it holds [®N]yyepmn) =1,
(it) for all 0 <t < s there holds || ®n|[yepgny — 0 as N — 00
(#1i) and supp (Pn) — {0} as N — .

Remark 4.2. Kohn and Vogelius proved a similar result in their celebrated work
on boundary determination for the conductivity equation (cf. [KV84, Lemma 1] )
for the Sobolev spaces H?(0)), where Q@ C R™ is an open bounded set with smooth
boundary (see also [CRZ22, Lemma 5.5]).

Proof of Lemma 4.1. By translation and scaling, we may assume that Q1 C W
and xg = 0 without loss of generality. Similarly, as in [KV84], we choose any
nonzero ¢ € C°(R) with supp(¢) C (—1,1) and let ¥ be the n-fold tensor product
of ¢, that is ¥(z) = [[i_, ¥(xx) with = (z1,%2,...,2,). Next we define the
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sequence (¥n)yey by Un(z) := ¥(Nz). We clearly have ¥y € C2°(Q1/n) and
supp(¥ ) — {0}. Moreover, by a simple change of variables we have

(4.1) 1N oy = NP1 o emy
and
(4.2) YNl @n) = NPy eny

forall 0 <t <1,1<p<ooand N € N. Observe that [V]y+rgn) > 0 for all
0 <t < 1. This is an immediate consequence of 0 # ¢ € C°((—1,1)) and the
Poincaré inequality (Theorem 2.1). Thus, for all 0 < ¢ < 1, 1 < p < oo there exist
constants Ct p, Cy , > 0 such that

C£7pNt7n/p < ||\I/NHWt,p(Rn) < CtpNtfn/P

for all N € N.
Finally, we introduce for N € N the rescaled functions ®5 by

Uy
byi=—-—— € C;)o Q .
[‘I’N]Ws,p(Rn) ( 1/N)

We clearly have [®n]ws»@n) = 1 and supp(®y) — {0}. Moreover, from (4.1) and
(4.2) we deduce that

1Nl Lo@ny N;W”NWLNWﬂ__AFSHWWWWM

P ny = = = — —0
H NHLP(R) [\I/N]WS,;D(]RW) stn/p[\I/]Ws_’p(Rn) [\II]WS,I?(R”)
and
v t,p(Rn Ntin/p\lf t,p(Rn )\ t,p(Rn
[@N]Wt,p(Rn) _ [ N]W R") _ (W] (R™) :N“S[ lw (R™) 0
Wl won@ny NP8 engn) [Pl ®e)

as N — oo, when 0 < t < s. Hence, the sequence (®y)yy satisfies the properties
(i) — (iii). O
Lemma 4.3. (Energy concentration property) Let & C R™ be a bounded open
set, 0 < s < 1,1 <p < ooandxzg € W € Q. Assume that (Pn)yey C
C*(W) is a sequence satisfying the properties (i) — (iii) of Lemma 4.1. If o: R™ x
R™ — R satisfies the uniform ellipticity condition (1.2), (o(x,-): W — R) cgrn is
equicontinuous at o and o(-,z9) € C(W), then we have

g ((E(lv .’Eo) = J\/lgnoo Es,p,a ((I)N) .
Remark 4.4. We remark that if o(z,y) = a(z)B(y) for some uniformly elliptic
functions a, B € L>°(R™) N C(W) then o satisfies the assumptions of Lemma 4.3.

Proof of Lemma 4.3. First note that we can decompose o(z,y) as

U(x7y) = (U(x7y) - U(Z‘,l‘o)) + (0'(.’,13,.130) - 0.(1"07330)) +O'(1'0,J,‘0), for all T,y € R"™.
This implies

dxd
Buna(®) = [ (ola) = olaz0)) ld. oy ] 0
R2n |z -yl

dxdy

|z —y["

(4.3) + /R% (o(z,20) — (20, 70)) |ds P |”

dxd
+ U(l‘o,ﬂﬂo)/ |ds @ [” yn'
R27 lz —yl

By (i) of Lemma 4.1, it follows that the last term is equal to o(zg,xo). Hence, to
establish the assertion it suffice to prove that the two remaining integrals go to zero
as N — oo.
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Next observe that by the product rule for the fractional gradient (2.2),

lds (2n)|” < C(|on ()7 st (@, )" + [V ()P |ds P (2, 9)[7) -
If ¢ € C} (R™), then the mean value theorem yields that

dy
ds(z,y)”
/Rn| @)l

[Y(x) — )P [P(x) — )P
< Wiz) = vW)iZ Wiz) = YW
~ /Bl(a:) |z — y|tsp v /Rn\Bl(x) |z — y|ntsp Y

dy dy
<Vl / B B / _ W
(™) By(z) T —y[nP—D Le=®™) Re\ By (z) 1T — Y|P

dz dz
: Eee= R 1612 )
</Bl(0) 2P g B, (0) |Z|”+ps> Cl(R™)

§||¢||%1(Rn)a

for all 2 € R". By (ii) of Lemma 4.1, we have ||®n||,g.) = 0 as N — oo, and
thus for all ¢ € C} (R™) there holds

dxdy
@ [ @ 4P T S 1 98 ey = 0

as N — co. Consider now a sequence of functions (1) ey C C2 (R™) such that
for all M € N it holds 0 < npr < 1, nM|Q1/2M(:60) =1 and nM‘(Ql/M(-TO))C =0. If

N € N is sufficiently large, then 1y, ®y = @ and hence by using (4.4), we deduce

dxd
tiwsup| [ (o(a,y) = olez0))ld. xS
N—oco R2n | _y‘n
. dxd

— limsup / (0(2,y) — o2, 70))|da (s B )P 22
N—oo R27 ‘1‘ - y|

dxdy

|z —y|"

< limsup / (0(2,9) — o, 20))as (v) P du By P
R2n

N—o00

S sup  sup |o(z,y) — oz, o)
YEQ1/m (z0) TER™

for all M € N, where we used (i) of Lemma 4.1 in the last step. Using the equicon-
tinuity assumption on o, we deduce that

p dxdy
| ) — ooy 0

lim sup
N—o00

Similarly, we have

dxd

fimsup| [ (o(a,m0) - oo, o), P

N—oo R2n |x - y|n

. p dxdy
—timsup | [ (02, 70) — 00, 20)) s (re B | oot

N—oco |JR27 |x - y|

. » p dxdy
< limsup (o(z,20) — o (w0, 70)) |10 (2) [P |ds P v | m

N—o0 R2n | yl
< sup o(z,x0) — o(x0, x0)|

z€Q1 /M (%0)

for all M € N. By the continuity of  — o(z,z¢) it follows that the last term
vanishes as M — oo. Hence, taking the limit N — oo in (4.3), we obtain

O'(IZ’(),I‘()) = ngnoo E57p7a((p1\/‘).

This completes the proof. O
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Now, we observe that if uy denotes the unique solution of

Divs(o|dsulP~2dsu) =0 in €,
u = (I)N in Qe7
then by writing uy = (uy — ®x) + By € WP(Q) + W*P(R"™) there holds

dxdy

dwd _
/ a|dSuN\”ﬂ:/ o |dsun P72 dyun ds®y —rY
R2n | R2" |z —y|"

x =y

Thus, by Proposition 3.9 we obtain

dxd _ dxd
(Ag®y, Dy) = / o |dgun|P —2Y_ / o |dsun P2 dyun dy®y ——?
R2n lz —y|™ R2n |z —y|"
so that
<AJ(I>N; (I)N>
dxd
_ / o |dsd |7 W
R27 |z —y["
p—2 9 dxdy
(45) + g <|dSuN| dsuN - |d3(I)N|p dS(I)N) ds‘bNi
R2n |z —y|"
=E;p.0(Pn)
p—2 —2 dxdy
+/ o <|dsuN| dyun — |ds®y|? dsq)N) dydy Y
R2n |z —y|"

We will recover the value of o at (zg,z¢) by showing that the second term goes to
zero as N — oco. For this purpose, we show next:

Lemma 4.5. Let Q@ C R”™ be a bounded open set, 0 < s < 1, 1 < p < o0 and
xg € W @ Q.. Assume that (Pn)neny C C°(W) is a sequence satisfying the
properties (i) — (iii) of Lemma 4.1. Let o: R™ x R" — R satisfy the uniform
elliptic condition (1.2). Then we have

(46) HUN — CDNHWs,p(Rn) =0

when N — oo, where uny € W*P(R™) is the unique solution to

(4.7)

Divy(o|dsu|P~2dsu) =0 in Q,
u = (DN mn QE'

Proof. We divide the proof into the following two cases:

(i) For 2 <p < oot
By the strong monotonicity property (3.6), there holds

sy — Oy ) <C /R (I un 2,

dxdy

—2
— |5m,y©N|p 517yq)N)(5m7yUN - 5x,y(I)N) W,

for all N € N and some C' > 0 only depending on n,p, A. Next let us
introduce the auxiliary function ®y := uy — &5 € WP(Q). Hence using
that un solves (4.7) as well as that & € C°(W) and @y have disjoint
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supports, we get

[un — (I)N]gvs,p(Rn)

<C 0 (82,5 un|P =26, yun — 02,y PN [P 20,y @) 80y By _ dady
B | | I Qe BN g
dxdy

_ p—2 o
= C/R2n a\éx,thv\ 6z,y(I)N5x,y(I)N |$ — y‘n—&-sp

since upn solves (4.7)
== C [ ooy @nl" (On(@)Bu(@) + Pn (1) Pn(y)
R2n
~ ~ dxd
~Bx (@) () ~ BN ()EN()

dxdy
o=y

=C /]Rzn 0'|(5:c,y(I)N|P*2 <(I)N(£U)CT)N(y) + (I)N(y)CBN(x))
=C(L + I»),

where
~ dxdy
I ::/ 0|0z PN P2% ()P N Yy) ————,
[ el e ) )

~ dxdy
I = 0pyON[P2D o —
v [ ol R ) (o)

By Hoélder’s inequality, the convexity of z +— |z|? for ¢ > 1, and Minkowski’s
inequality, we obtain

_ ~ dxdy
L] = 80y ®N[P2D i) —
= | [ ol o)

<[ [oav@P+lonmP?) [ox)] By i

dydzx
= Cllo|l e wxa) / /|‘I>N I 2N (y )|W

(I)N
<C . ) p—1 / e d
<ClollL (WxQ/ |Pn ()] ( [P y|”+5P x
)
/.73| N|"-)-9pdy
Y L (W)
~ dz 1/p
-1
SC||0||L°°(W><Q)||(I)N|‘I£p(w)/Q|‘I)N(y)| (/W |x—y|(”+SP)P) dy

1 . dzx 1/p
=C 0o (0] N 0] _ dy.
ol ol@ntiin, [ vl ([ o) a

Now define d := dist(Q2, W) > 0. Hence, Holder’s and Young’s inequality
imply

< Cllo = xal1@x P71, 21

=t |wt/P

|Il| < C||U||L°° W><Q)||(I)NHLP(W ‘Q| ||q)NHLP(Q d”+51’

= W=
<ellonTrq) + Ce IIUII ~wx) 1PN o i) [ prcEnE

for all € > 0. The same estimate holds for Iy after replacmg o]l Loe (w0
by ||o|| e (@xw). Hence, if we choose € > 0 sufficiently small, then by using
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Poincaré’s inequality and recalling that ® N = uny — Py, the first term on
the right hand side can be absorbed on the left hand side to obtain

_pP
L w
”UN q)NHWa P(R") < CEHUHE (WUQ) x (WUQ)) ”(I)N”Lp(w |Q| p(n+sp)

Now this expression goes to zero as N goes to oo by Lemma 4.1, (ii).
(ii) For 1 <p < 2:
Applying this time the strong monotonicity property (3.7) on uy — ®n
gives
[UN - (I)N]I;(/s,p(Rn)

2—p

SC([U’N}IP;VS«p(Rn) + [¢N]€VS,1)(]RW)) 2

([ (525
RQ"

_ dad P/2
_|6m,yq)N|p 25m,yq)N) (6z,yuN - 6z,y(1)N) L ) )

o=yl

for some C' > 0 only depending on n,p and A. As in the previous case, this
implies

[uN - ¢N]€Vs,p(Rn)

<CllollLe=(wue)x@uw)) </R 100,y @ N 1P 2(|2n ()] PN (1))

~ dxdy p/2
+|©N(y)|¢N($))|m—y|”+5P)
- - dedy  \"?
<Cllo|| L= (wua)x@uw)) // 16y N P2 On ()] [ o8 (U) | 1
oJw |z — y|rtsp
1= dxdy p/2
~Clolwomsaomwy ([ [ ox@p sl 0)

where we again set sz =uy — Dy. Here we used that uy solves (4.7), o
is uniformly elliptic, [® y]ys.»@n) = 1 and @, @ have disjoint supports.
As in the previous case, this integral can be bounded from above as

[un = @N]ipen@ny CllollLe(wuo)x@uwy)

po1 (WP
(10150217 B o) oy )

Applying Young’s inequality in the from ab < ea® + C.b? gives

[un — ¢N]€V-s,p(Rn) SEH‘I)NHZP(Q)

- 1|W|1/p P
+ Gl oo (1w 0077 T

for all € > 0. Using Poincaré’s inequality and choosing ¢ sufficiently small,
we can absorb the first term on the left hand side to obtain

oot [WH/P\P
un — (I)N”Wsp(Rn) <C HUHLOC((WUQ)X(QUW)) <||(I)N|Lp(w Q" dn+sp ) ’

By Lemma 4.1, (i) again, we deduce that |luy — ®n|lwer@y)y — 0 as
N — oo.

This completes the proof. O
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Proposition 4.6. Suppose that the assumptions of Lemma 4.5 hold, then we have

_ dzd
lim [ o (|d5uN\P 2 dyun — |dSCI>N|p‘2dS<I>N) Ay 22 _
N—oo R2n |1' - y|n

Proof. By the estimate (3.3) of Lemma 3.1, we obtain

dxdy <1
|z —y|”

/ o (|dsuN|”_2dsuN — |ds® N [P2 d5q>N) ds®y
R2n

where

- dzd
I = ||U||Lw(R2") /2 (|dSuN‘ + |dS®N|)p 2 |d5UN - ds©N| ‘d5®N| ﬁ
R27 —

We divide the cases into p > 2 and 1 < p < 2.
(i) For p > 2: The Hoélder’s inequality implies that

—2
15 (ldstn] + 14 @ 13 1oy o)

lds(un = CI)N)”LP(R?”,LL’fy\*") HdS(I)N”LP(RQ”Jmfy\*")
S ([unlwer@) + [@Nlwsr @) [un — PNlwer @) [PN]wer@n)-

Since, uy € W#P(R™) minimizes the fractional p-Dirichlet energy and
[®N]ws»@mny = 1, Lemma 4.5 shows that this term goes to zero as N — co.
(ii) For 1 < p < 2: We obtain the same estimate from

dxdy

|z —y|™

/ (|dsun| + ds®n )% [deun — ds®n||ds |
]RZn

dxdy
|z —y["

-1
Slds(un — q’w)ll’ip(Rw,w) Hdsq)NHLp(Rn,mfyrn)

s/ dyuy — dy® " |dy By
R2n

The Holder’s inequality.
-1
:[un — @N]%syp(Rn)[QN]W\s,p(Rn).
Here we used that p — 2 < 0 implies that
(|dsun| + |ds® N )P 2 < |dsun — ds®n[P2.

Arguing as in the case p > 2, we see that the last expression goes to zero

as N — oo.
Hence, we can conclude the proof. O
Lemma 4.7. Let Q@ C R™ be a bounded open set, 0 < s < 1, 1 < p < o0 and
xg € W @ Q.. Assume that (Py)nen C C°(W) is a sequence satisfying the
properties (i) — (iit) of Lemma 4.1 and let o: R™ x R™ — R satisfy the uniform
ellipticity condition (1.2). Then there holds

Nh—r>noo<AU(I)N’ (I)N> - ]\}E)noo Es,p,a((I)N)~

Proof. As above, denote by (un)nven C WP(R™) the unique solutions to (4.6).
Now by definition of the DN map A, and u,, — & € W*P(Q), there holds

(Ao(Pn), PN) = Espo(un).
Now the result directly follows from (4.5) and Proposition 4.6. d

Finally, we can give the proof of Theorem 1.1.
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Proof of Theorem 1.1. First note that such a sequence (P ) yen exists by Lemma 4.1.
By applying Lemma 4.3 and 4.7, we deduce

o(zo, ) = A Espo(®n) = ]\}i_rgomaq’zv, D).

Hence, we can conclude the proof. [l

5. PROOFS OF PROPOSITION 1.2, 1.3 AND 1.4

The proofs of Proposition 1.2, 1.3 and 1.4 can be regarded as corollaries of
Theorem 1.1, and we give their proofs in the end of this work.

Proof of Proposition 1.2. Fix some xo € W, we can choose a neighborhood V' of z¢
such that V'€ Q. and V. C W. Then by Theorem 1.1 (with V in place of W), we
deduce

Zj(z0) = 0j(x0,20) = lim (As;®n, D)

for j = 1,2. Since, the DN maps of 01 and oy coincide for smooth functions
compactly supported in W, we get Xq(xg) = Xa(xg). As xg € W is arbitrary, we
get 31 = Yo in W. O

Proof of Proposition 1.3. Let o € W and choose as above a neighborhood V' & €2,
such that g € V.C W. Then by Theorem 1.1 (with V in place of W), we have

121 (z0) — Xa2(z0)]
= hm |<(Ao-1 _A02¢N>¢N>|
N—o00

<hmsup |[Ag, = Ao e o) (@er vy [PV Iwer @ [ Onllwer @
— o0

SHAUl - Aaz HWs,p(W)H(Ws,p(W))*-

In the last step, we used that by Theorem 1.1 the sequence (Pn)nen C C°(V)
satisfies ||®n||zp(rn) — 0 as N — oo and [®y]ysp@y) = 1 for all N € N. Since,
xg € W was arbitrary and the right hand side is independent of z, we deduce

||21 - E2HL°°(W) < HAUI - A02‘|Ws,p(w)_>(Ws,p(W))*

and we can conclude the proof. O

Proof of Proposition 1.4. Proposition 1.2 implies ¥; = X5 on the nonempty open
set W C Q.. With the real-analyticity of ¥; at hand, j = 1,2, this immediately
implies ¥ = ¥y in R"”. U
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